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bstract

A mathematical model has been developed to investigate the mixing behaviors of solid particles within an inclined fluidized bed, which is
system of particular interest for applications of downcomers in circulating fluidized beds. Incorporating Newton’s second law of motion for

alculating particle motion, the interaction among particles is successfully simulated using the discrete element method (DEM), in which the
otion of fluid is modeled in a two-dimensional scheme and the motion of spherical particles is considered in a three-dimensional domain. Based

n simulations, as angles of inclination are increased from 0◦, 10◦, 20◦ to 30◦ with respect to the vertical axis, the simulations demonstrate particle
ixing phenomena with respect to fluidizing characteristics. The simulations provide a unique microscopic viewpoint of particle motion inside
he bed, which cannot be observed experimentally easily. Fractional fluidization arising from distribution of gas flow along the cross-section of the
ed has been found to be affected by the angle of inclination. Moreover, knowledge of microscopic mixing of solid particles, caused by circulating
ow, has been explored.
2006 Elsevier B.V. All rights reserved.
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. Introduction

Gas–solid two-phase fluidized beds are widely utilized in
any physical and chemical applications including catalytic

eactors, combusting boilers, drying and coating equipment
wing to intensive interactions among dispersive solid parti-
les and continuum fluidizing gas [1]. It is a well-known fact
hat fluidization could be determined by the balance of forces
cting upon particles, which are gravitational force, gas-particle
rag force and friction force among particles. Understanding
f hydrodynamic behaviors is of vital importance for realistic
esign and reliable operation of fluidization. For the so-called
ense system of which predominant portion is particles, there
s limitation in clear observation of solid mixing phenomena
aking place inside the equipment via experiments though there

re some techniques proposed [1–4]. Consequently, numerical
imulation is proposed and exploited to provide an insight into
he solid mixing within fluidization [5–11].

∗ Corresponding author. Tel.: +66 2 218 6899; fax: +66 2 218 6480.
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So far, most of investigation on fluidization has been car-
ied out using conventional straight columns. However, it is also
ealized that an inclined fluidized bed is a crucial part in some
ertain applications, such as downcomers of circulating fluidized
ed combustors. Meanwhile, only a few published studies and
eports are available [2,3]. Yamazaki et al. [2] are among pio-
eering researchers investigating the effects of inclination angle
n the minimum fluidization velocity of inclined fluidized beds
ith various types of particles. Their experimental results pre-

ented that the pressure drop across the bed and the minimum
uidization velocity decreased with the increasing degree of

nclination, leading to reduction of energy required for fluidizing
olid particles inside the bed. However, their experimental inves-
igation covers only the macroscopic behaviors of such system.
o the best of our knowledge, investigation on the solid mix-

ng based on a microscopic viewpoint has not been thoroughly
eported. Therefore, numerical simulations could be considered
s an alternative approach to investigate the microscopic behav-

ors of such inclined fluidized bed.

Recently, numerical simulation has been developed as an
xcellent tool to obtain microscopic information because it is
ot disturbed by any intrusive equipment. Many simulation

mailto:ctawat@chula.ac.th
dx.doi.org/10.1016/j.cej.2006.05.006
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Nomenclature

CD drag coefficient for a particle
dp particle diameter (m)
DM degree of mixedness
fC contact force (N)
fD drag force (N)
fG gravitational force (N)
g gravity acceleration (m s−2)
H height within a fluidized bed (m)
I moment of inertia (kg m2)
k stiffness of spring
m mass of a solid particle (kg)
P pressure (N m−2)
Re Reynolds number
Tc torque due to tangential contact force (N m)
ūi average velocity of a solid particle (m s−1)
ug superficial gas velocity (m s−1)
umf superficial gas velocity at minimum fluidization

(m s−1)
v superficial particle velocity (m s−1)
V volume a solid particle (m3)
xi number fraction of particles in each sampling cells

Greek symbols
β see Eq. (11) for definition (kg m−3 s−1)
δ displacement of a solid particle (m)
ε void fraction
η damping coefficient
µ gas viscosity (N s m−2)
µf friction coefficient
ρg gas density (kg m−3)
ρp solid particle density (kg m−3)
σ0 standard deviation for a completely segregated

mixture
ω̇ angular acceleration (radian s−2)

Subscripts
g gas phase
n normal direction
p solid phase
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tudies of gas–solid two-phase systems have been carried out
sing various numerical models, e.g. the two-fluid model [4–6],
he discrete element method (DEM) [7–11], the hard sphere
odel [12] and the lattice gas cellular automation approach [13].
Yang et al. [5] have employed two-fluid CFD method with the

nergy-minimization multi-scale (EMMS) approach to investi-
ate the dependence of drag coefficient on solid cluster structure
ithin concurrent-up gas–solid flow in a riser. Their simula-
ion indicates that the simulated solid concentration predicted
y the Wen and Yu/Ergun equation is underestimated but the
MMS approach could provide the simulated outlet solid flux
nd voidage profile consistent with experimental results. Then,
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opelato et al. [6] also report that CFD technique with first (HIP-
IND) and second order (HIGHER UPWIND) interpolation

chemes could provide simulated results of phase distribution
onsistent with experimental data. However, there is limitation
n consideration of the interaction among each particle.

Meanwhile, with DEM technique for non-cohesive particles,
suji et al. [7,8] and Kawaguchi et al. [9] have pioneered sim-
lations of key characteristics of fluidization phenomena, such
s particle motion and minimum fluidization velocity, which
greed well with the experimental observations. Since then, this
ethod has been extended to further study on behaviors of cohe-

ive particles in fluidized beds [10]. Rhodes et al. [11] reveal that
EM method is applicable for investigating solid mixing in flu-

dized bed. However, only the conventional systems of vertically
rected fluidized beds have been studied.

Herein, a three-dimensional model is taken into account for
nvestigating the dependence of particle motion behavior as well
s its degree of mixedness on the inclination angle of fluidized
eds. To validate the developed model, simulation results are
ompared with the previous experimental studies [2]. Then the
ffects of the degree of inclination on fluidization behaviors, in
articular, the pressure drop across the bed, the minimum flu-
dization velocity and the degree of mixedness of solid particles
ithin the inclined bed, are comprehensively investigated.

. Mathematical model

.1. Assumptions

As a first step toward actual application, a simplified system
f fluidization under ambient condition without chemical reac-
ion is generally employed for investigating its hydrodynamics.
n order to develop a numerical model, assumptions of the sys-
em of interest, which is equivalent to that of Yamazaki et al.
2], are set as follows:

1) The fluid considered in this work is air at ambient condi-
tion. Therefore, it is reasonable to assume that its physical
properties are constant.

2) The fluidizing air is treated as inviscid fluid except for con-
sidering the interactions between the fluid and particles.

3) The solid particles are spherical shape with constant density.
4) To calculate interactions between a particle and another par-

ticle or wall, Tsuji et al. [7,8] suggest that the soft sphere
model could be employed.

5) Because of ambient condition assumption mentioned in (1)
heat transfer between the particles and air as well as the
particles and wall is negligible.

.2. Motion of solid particles

To take into account the wall effects, the motion of each indi-
idual particle is modeled in a three-dimensional scheme by

guring out the Newton’s second law of motion. Forces act-

ng upon a particle are composed of the contact force (fC), the
rag force (fD) and the gravitational force (fG). Accordingly, the
ranslational motion of the particle could be calculated by the
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ollowing equation:

˙ = fC + fD + fG

m
(1)

here m is mass of the solid particle.
For rotational motion, the equation of particle motion could

e given by

˙ = Tc

I
(2)

here Tc is the torque caused by the tangential component of
he contact force and I is the moment of inertia of the particle.

.2.1. Contact forces among particles
In actual situation a particle can contact with only another

article or even the wall of the vessel. Therefore, the contact
orces could be calculated using DEM technique proposed by
undall and Strack [14]. Basically, the contact force is composed
f a normal (fCn) and a tangential component (fCt), as follows:

C = fCn + fCt (3)

Cnij = (−knδnij − ηnurijnij)nij (4)

Ctij = −ktδtij − ηtusij (5)

here k is the stiffness of the spring, δ the displacement of the
article, η the damping coefficient that depends on the coefficient
f restitution and the Poisson’s ratio of the particle and urij is the
elative velocity.

In each simulation, it is required to consider whether particle
liding exists by employing the following relation:

fCt| > µf|fCn| (6)

here µf is the friction coefficient. In the case of sliding, the
angential contact force would be determined by

Ct = −µf|fCn|t (7)

.2.2. Drag force acting on particles
The drag force is a combination between the interaction

orces caused by the relative velocity between the solid particles
nd the fluid and the normal force due to the pressure gradient,
hich could be modeled as

D =
(

β

(1 − ε)
(v − ū) − ∂P

∂x

)
Vp (8)

here Vp is the particle volume.

.3. Governing equations of fluid flow

Generally in numerical simulation of fluid flow, the fluid
otion is considered two-dimensionally as a function of t, y and

. Locally averaged equation of continuity and Navier–Stokes
quation are employed to determine the fluid motion. The SIM-

LE method (semi-implicit method for pressure-linked equa-

ion) [15] and the Newton’s second law of motion are employed
o determine simultaneously the solutions of the fluid motion and
he motion of particles. The simulation domain is represented

t
e
w
l
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y a set of small cells covering the whole system. It should be
oted that the size of each cell must be smaller than macroscopic
cale of fluidization, which could be represented by bubble size,
ut greater than the particles size [5,9].

In simulation, void fraction of each cell could be determined
y deducting the cell volume with total volume of solid particles
xisting in the cell. Accordingly, the two-dimensional equation
f continuity in Cartesian system is described by

∂ε

∂t
+ ∂(εvy)

∂y
+ ∂(εvz)

∂z
= 0 (9)

he equation of fluid motion is expressed as

∂(εvi)

∂t
+ ∂(εvivy)

∂y
+ ∂(εvivz)

∂z
= − ε

ρg

(
∂P

∂i

)
+ fpi (10)

he term fpi in Eq. (10), representing the interaction between
he particles and the fluid, could be estimated by the following
quation:

pi = β

ρg
(ūi − vi) (11)

here ūiis the average particle velocity. The β coefficient
epends upon whether the system is dense or dilute. For the
ense system of which the void fraction is less than 0.8, the coef-
cient is calculated by the well-known Ergun’s equation [16].
hile the void fraction is greater than 0.8, the system is dilute

nd the interactions between particles become weak. Therefore,
he coefficient could be deduced from the Wen and Yu’s equation
17] as summarized below:

=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

µ(1 − ε)

d2
pε

{150(1 − ε) + 1.75 Re} (ε ≤ 0.8)

3

4
CD

µ(1 − ε)

d2
p

ε−2.7 Re (ε > 0.8)
(12)

D =
⎧⎨
⎩

24(1 + 0.15 Re0.687)

Re
(Re ≤ 1000)

0.43 (Re > 1000)
(13)

e = |ū − v|ρgεdp

µ
(14)

here µ, dp and CD are, respectively, the gas viscosity, the par-
icle diameter and the drag coefficient for a single sphere.

. Simulation conditions

In the present work, the geometry of the investigated inclined
uidized bed is depicted in Fig. 1. Since the height of bed is much
reater than its width and depth, it is reasonably considered as
standpipe. The simulations are preformed with the angles of

nclination varied from 0◦ to 30◦ with respect to the vertical axis
t a step size of 10◦. In an attempt to confirm the reliability of

he model, the simulating results are mainly compared with the
xperimental results reported by Yamazaki et al. [2]. However,
hile it should be noted that the number of the particles equiva-

ent to the experimental conditions is estimated to be more than
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Table 1
Simulation conditions

Column
Width (m) 0.15
Height (m) 2.0
Depth (m) 0.022
Inclination angle (◦) 0, 10, 20, 30

Particles
Diameter (m) 4 × 10−3

Density (kg/m3) 2700
Poisson’s ratio 0.25
Particle spring constant (N/m) 800
Wall spring constant (N/m) 800
Coefficient of restitution 0.9
Coefficient of friction 0.3
Number 20000

Fluid (air at ambient)
Density (kg/m3) 1.205
Viscosity (Pa s) 1.81 × 10−5

Calculation parameters
Computational domain (mm) 10 × 20
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Fig. 1. Schematic drawing of the 3D inclined fluidized bed.

50,000,000, due to the restricted computational capacity, the
umber of the particles taken into account is limited to 20,000.
evertheless it is still enough for representing a bed of a certain
eight, which could undergo fluidization [19].

According to Tsuji et al. [8] and Kawaguchi et al. [9], it
as been confirmed that the coefficient of restitution and the
oefficient of friction for particle–particle and particle–wall are
onstant at 0.9 and 0.3, respectively. Meanwhile, the time step
ize for calculations is a very important parameter because suffi-
iently small steps are required for ensuring the convergence of
he simulation but it should inevitably sacrifice with relatively
arge computational time. For the present simulations, the time
tep is set to be 2 × 10−4 s, which is estimated by dividing the
atural oscillation period of spring-mass system by 10 [8]. The
ominal conditions of simulation are summarized in Table 1.

In each simulation, the column is set at the desired angle
efore allowing particles fall randomly under the gravitational
nfluence. Then, an airflow is supplied from the bottom of the
ed with a inlet velocity distributed uniformly across the whole
ross-section. First, the air velocity is set to be much higher
han the minimum fluidization velocity of the straightly erected
olumn and then is gradually reduced to allow us to observe the

hanges in the fluidizing condition.

The wall boundary conditions are treated as slip walls, i.e.
he pressure, the fluid velocity and the void fraction outside the
alls are equal to those inside the wall. The outflow boundary is

t
i
t
i

Time step (s) 2 × 10−4

hat the velocity gradient is zero while the fluid velocity across
he walls is also set as zero.

. Results and discussion

.1. Model verification

As mentioned in the former section, characteristics of flu-
dization reported by Yamazaki et al. [2] are employed to verify
he reliability of the developed model. Changes in the minimum
uidization velocity of fluidized beds with respect to the angle

n inclination are compared with Yamazaki et al.’s experimen-
al results while the visualization of flow phenomena is also
aken into account. Fig. 2 shows the change in pressure drop
cross the bed with the increasing superficial air velocity, which
lso exhibits dependence of the minimum fluidization velocity
umf) on the angle of inclination. In this work, the superficial
ir velocity was gradually decreased from 4.5 down to 0 m/s in
rder to observe the fluidization phenomena. In the case of a ver-
ical column, relationship between the pressure drop across the
ed and the superficial air velocity is in a qualitative agreement
ith theoretical prediction, i.e. when the superficial air veloc-

ty becomes higher than umf, the pressure drop across the bed
ill become invariant. It is also found that the umf of the ver-

ical column is approximately 2.1 m/s, which is well consistent
ith the value predicted by Ergun’s equation [16]. In addition,

omparison of Fig. 2(a) and (b) reveals that the effect of the
nclination angle on the umf agrees fairly with the experimen-
al results reported by Yamazaki et al. [2]. The umf gradually
ecreased from 2.1 to 1.5 m/s with the increase in the inclina-

ion angle from 0 to 30 . However, the value of the umf obtained
n this work is rather different from the reported results due to
he influence of bed height. Due to limitation of the calculat-
ng capability of computers, only 20,000 particles, which are
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ig. 2. Effect of angle of inclination on the minimum fluidization velocity (umf):
a) simulation results; (b) experimental results replotted from Ref. [2].

n turn equivalent to the bed height of about 40 cm, are taken
nto account therefore the simulating domain becomes much
hallower than the bed height of Yamazaki et al.’s experiments
2].

Nevertheless, with visualization shown in Fig. 3, it could
e clearly observed that formation of bubbles along the bed
ualitatively resembles that of actual phenomena. With the incli-
ation of 30◦, it could be clearly seen that bubbles tend to
ove along the upper wall of the inclined column while the

article bed on the lower side could still undergo fluidiza-
ion. With a decrease in the degree of inclination, the position
f the emerging bubbles shifts to the center of the column.
his is explainable that any emerging bubbles tend to pene-

rate through shallower particle bed because of its lower flow
esistance [2–4]. Therefore, more gas bubbles would coalesce
o form bigger gas slugs, which prefer to rising along the upper
all of the inclined column. Consequently, it is reasonable to

onsider that the developed model could acceptably simulate
he actual bubbling phenomena taking place in either vertical or
nclined columns. With non-uniform distribution of the emerg-
ng bubbles, turbulent movement of solid particles in the bed also
ecomes significantly different. These phenomena also give rise
o solid particle mixing, which will be discussed in the following
ection.

.2. Profile of solid particle velocity and circulation along

he bed height

Since the bed depth (X axis) is much smaller than its width
Y axis) and height (Z axis), velocities of solid particles consid-

t
a
c
a
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red here are shown only in directions of Y and Z. Fig. 4(a) and
b) show a typical example of solid particle velocity distribu-
ion inside the 30◦-inclined bed when the inlet air velocity is set
t 4.0 m/s. At a height close to the gas distributor (H = 0.09 m),
he particle velocity in Y direction is still somehow evenly dis-
ributed due to the uniform inlet flow of air. Majority of the solid
articles tends to rise thus resulting in the negative value of the
component of the particle velocity. On the other hand, at other

igher positions, due to the influence of gravity, the solid parti-
le velocity becomes unevenly distributed and points downward
irection, leading to an increase in the Y component of the solid
elocity.

On the contrary, the magnitude of the Z component of the
olid particle velocity becomes much larger with slightly dif-
erent distribution. It is attributable that solid particles naturally
end to entrain with air moving upward through the region with
ower resistance [1,3]. Therefore, at the height of 0.09 m above
he distributor, the Z component of the particle velocity becomes
ignificantly positive, especially when the particles move close
o the column upper wall. It could be seen that some portions
f solid particles are dragged upward by the airflow while some
articles fall down due to the gravitational and frictional effects.
owever, when one observes at the height of 0.49 and 0.69 m

bove the air distributor, the solid particle velocity becomes sub-
tantially positive because it is the region of the free surface of
uidized bed in which the solid elutriation starts to take place
1,18].

By considering both components of the particle velocity
s shown in Fig. 5, the solid particles exhibit a circulating
otion inside the column. It could be implied that the cir-

ulation of the solid particles takes place due to the inter-
ingling effects of all forces acting upon the solid parti-

les, leading to the mixing of the solid particles. Again, with
ncorporation of the visualized information of the solid par-
icles one will be able to confirm that the inclination angle
ould provide different degree of mixing of the solid particles
n the inclined fluidized bed. Therefore, it is reasonable that
his unprecedented figure could be employed to elucidate the
egree of mixing of solid particles inside an inclined fluidized
ed.

.3. Fractional fluidizing phenomena

Since the inclination of the column could give rise to asym-
etric plane of repose along the cross-section of the column,

ffect of the air inlet exerting on the solid particles also changes.
ypical results of simulation for a 10◦-inclined column with the
uperficial air velocity of 4.0 m/s are shown in Fig. 6. The Z′
naturally vertical) component of air velocity, which could be
etermined from combination of Y and Z components of the
imulation domain (Fig. 7 inset), changes insignificantly with
espect to the vertical distance. Therefore, with regard to the
elocity gradient, it is notable that at the lower Y position close

o the upper wall of the column the local air velocity is remark-
bly higher than that of the opposite side. This could lead to the
irculation and mixing of the solid particles as described in the
bove section.
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Fig. 3. Formation of bubbles inside t

Additionally, it could be observed that the fluidization occurs
artially along the cross-section of the column due to the asym-
etric airflow. The solid bed with much higher thickness could

xert higher flow resistance, resulting in lower local airflow.
egarding the criteria of the onset of fluidization, the fluidizing
ir velocity in the naturally vertical direction should be equal to
he minimum fluidization velocity, umf at which the drag force
xerting upon the solid particles is in a balance with the net
orces of gravity and buoyancy. With this criteria, it is under-
tandable that only some portions of the particle bed in which
he average vertical air velocity is equal to or higher than umf
ould become fluidized. Fig. 7 reveals that an increase in the
ngle of inclination results in a slight decrease in fraction of bed
ortion undergoing fluidized state. When the faster air inlet is
upplied into the column, most of the air tends to pass through
he shallower region, leading to insufficient drag forces to over-

ome the bed resistance in the remaining region. Therefore it is
easonable to deduce that an inclined bed would become more
ifficult to achieve uniform fluidization state when its degree of
nclination becomes steeper.

w
a
d
b

lined fluidized bed at different time.

.4. Degree of solid particle mixing due to effect of
nclination

Various mixing indices, based essentially on statistical analy-
es, are employed to describe the solid mixing in many different
ndustrial processes [19,20]. Rhodes et al. [11] also reported that
he degree of mixing in fluidized beds is dependent on operating
arameters, i.e. particle size and density. In the present work,
he degree of mixedness (DM) could be assessed by evaluating
he magnitude of the sample variance defined in the following
quation:

M = 1 −
(∑N

i=1
(xi−xc)2

N

xc(1 − xc)

)0.5

= 1 − σp

σ0
(15)
here xi and xc are number fraction in each sampling cells and
verage value of all particles, respectively. σ0 is the standard
eviation for a completely segregated mixture, and N is the num-
er of the sampling cells in the system of interest.



W. Chaikittisilp et al. / Chemical Engineering Journal 122 (2006) 21–29 27

Fig. 4. Distribution of solid particle velocity inside the 30◦-inclined bed
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in this work. These results suggested that the degree of inclina-
tion could exert some influence on the solid mixing in fluidized
beds.
ith the superficial air velocity of 4.0 m/s: (a) Y component; (b) Z
omponent.

When the spatial variation of solid particles in the simulation
omain has the variance equal to σ2

0 , it could be inferred that the
ixing state is completely segregated. On the contrary, provided

hat DM is equal to unity, the solid particles could be deduced
hat the mixture is fully random.

In an attempt to investigate the quality of solid mixing, the
olid particles in the bed were classified into two groups as
hown in Fig. 8. Four representative sampling boxes referred
s A, B, C and D rectangles were employed for tracing the
articles circulating in the bed. After the airflow was sup-
lied into the column, the mixing state was investigated by
ccounting the number of the solid particles moving from
heir initial positions into the sampling boxes with regard to
q. (15).

Fig. 9 reveals that the angle of inclination has exerted some
ffects on the average degree of mixedness of the solid particles,
hich are fluidized by the superficial air velocity of 4.0 m/s. At

he beginning, the mixing state drastically increases and then
ecomes stable after a certain period of mixing time. Interest-
ngly, the degree of mixedness achieves the highest value with
he 10◦-inclined bed. An increase in the inclination angle to 20◦
nd 30◦ leads to a qualitative decrease in the degree of mix-
ng. This could be explained by the fact that with a steeper

ngle of inclination there exists a wider stagnant region in
hich the flow resistance becomes very high due to consol-

dation of solid particles overlying above the air distributor.
ith a lower angle of inclination, however, the circulation of

F
b

ig. 5. Schematic diagram of particle circulating phenomenon inside the flu-
dized bed.

olid particles would become more enhanced, leading to the
ncreasing degree of mixing. These mixing phenomena could
e successfully confirmed by the DEM simulation conducted
ig. 6. Horizontal distribution of Z component of air velocity in the 10◦-inclined
ed with the superficial air velocity of 4.0 m/s.
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Fig. 7. Effect of angle of inclination on fluidizing fraction in the fluidized bed.
The inset shows schematic diagram for considering fractional fluidization.

Fig. 8. Schematic diagram of tracing particles and representative sampling cells.

Fig. 9. Effect of angle of inclination on degree of mixedness of solid particles.
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. Conclusions

Realistic particles motion in inclined fluidized beds has
uccessfully been simulated using the DEM technique. Com-
arison of the simulation with published experimental results
eveals that the developed model is reliable. Not only the
elocity distribution of the particles inside fluidized beds
ould be calculated but also the circulation phenomena, which
ctually takes place inside the bed but can hardly be observed
xperimentally, could be shown graphically. An increase in
ngle of inclination leads to a decrease in the fraction of the
ed becoming fluidized due to the tendency of flowing air,
hich prefers to leave the bed through the region with the

ower resistance. Finally, it is noteworthy that 10◦ of inclination
ould give rise to enhanced degree of mixedness of solid
articles when compared with other inclination conditions or
ven the straight rising condition at the same superficial air
elocity.
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